Statement
of results. An addition theorem for a solution u(x, y, z, t) of the wave equation,
is a representation for »asa sum of partial waves; i.e., as an infinite series each of whose terms solves the wave equation. The purpose of this note is to establish addition theorems for plane waves, u(x, y, z, t) = f(t -z), 
where P" is a polynomial. The identity of these classes follows from a theorem on differentiation, due to E. W. Hobson [3, p. 127] , which may be stated as follows.
Theorem. Let F(r) GCn and let H"(x, y, z) be a harmonic polynomial of degree n. Then where
Hnix2 + y2, z) = i-1)» (n + -j r"P" Í -J, and P"(x) is the Legendre polynomial of degree n, For fixed /, r and a, the addition theorems are the Legendre expansions of the two wave functions in terms of Legendre polynomials
It is known, of course, that the wave functions have Legendre expansions. What is new in this note is the proof that the Legendre coefficients of these expansions have the form indicated above. The theorems that are proved here may be stated as follows.
Theorem 1, Let fix) be a function that is defined on -oo <x< w and is Lebesgue integrable on every finite interval. Then (1.4)
for all t, all r>a, and n = 0, 1, 2, • • • .
After these results are established, conditions under which the expansions (1.1) and (1. On integrating by parts in the last integral, one finds that the integrated terms cancel the first terms in (2.2) and hence
which is equivalent to (2.1). The integrations by parts are easily justified for integrable/.
The second result that is needed is Lemma 2. Let f satisfy the hypotheses of Theorem 1. Then the functional where yn(x) is a polynomial of degree n. These polynomials are known as the Bessel polynomials and have been studied by Krall and Frink [5] and by Burchnall [l] . The property of the polynomials that is needed here is the recursion formula [5] yn+i(x) = (2m + l)xyn(x) + y"_i(x). Finally, on using the analogues of (2.5) and (2.6) for 0'm, obtained by replacing r by a and t by r in these equations, one gets (3.3) for n = m-\-\. This completes the induction, since (3.3) can be verified directly for n = 0 and ra = l.
